Spin Hall effect on a noncommutative space 
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We study the spin-orbital interaction and the spin Hall effect of an electron moving on a noncom- 
mutative space under the influence of a vector potential A. On a noncommutative space we find 
that the commutator between the vector potential A and the electric potential V\{r) of lattice in- 
duces a new term which can be treated as an effective electric field, and the spin Hall conductivity 
obtains some correction. On a noncommutative space the spin current and spin Hall conductivity 
have distinct values in different direction, and depends explicitly on the noncommutative parame- 
ter. Once this spin Hall conductivity in different direction can be measured experimentally with a 
high accuracy, the data can be used to impose bounds on the value of the space noncommutativity 
parameter. We have also defined a new parameter ? = pQ (p is the electron concentration, 8 is the 
noncommutativity parameter) which can be measured experimentally. Our approach is based on the 
Foldy-Wouthuysen transformation which give a general Hamiltonian of a non-relativistic electron 
moving on a noncommutative space. 

PACS numbers: 71.70.Ej, 02.40.Gh, 03.65.-w 



I. INTRODUCTION 



The approach to noncommutative quantum field the- 
ory based on star products and Scibcrg-Wittcn maps al- 
lows for the generalization of the standard model of par- 
ticle physics to the case of noncommutative space-time. 
Since noncommutative quantum field theory may solve 
the puzzles of the Standard model, there are a lot of 
papers concerning the quantum field theory on a non- 
commutative space-time [l]-[4]. Apart from these stud- 
ies, many articles have been devoted to the study of 
various aspects of quantum mechanics (QM) on a non- 
commutative space (NCS) and a noncommutative phase 
space(NCPS), because the main goal of the noncommuta- 
tive quantum mechanics (NCQM) is to find a measurable 
spatial noncommutativity effects. For example, the au- 
thors in Ref. [5, 6] applied NCQM to the Hydrogen atom 
and calculated the corrections to the Lamb shift. They 
find the constraint on 9 is l/\/d > 10 2 GeV. Ref. [7] 
provided a constraint: \j\fd > 3GeV by studying the 
transitions in the Helium atom. A possibility of testing 
spatial noncommutativity via cold Rydberg atoms is sug- 
gested in Ref. [8]. The authors in Refs. [9]- [12] have stud- 
ied the Aharonov-Bohm phase on a NCS and a NCPS. A 
lower bound 1/Ve > lCT 6 GeV for the space noncom- 
mutativity parameter is obtained [9]. The Aharonov- 
Cashcr phase for a spin-1/2 and a spin-1 particle on a 
NCS and a NCPS has been studied in Refs. [13]-[15]. 
A limit l/\/0 > 10~ 7 GeV for the space noncommuta- 
tivity parameter is obtained [13]. The noncommutative 
quantum Hall effect has been studied in Refs. [16]-[18], 
and Ref. [16] found a lower limit of > lOGeV on 

the noncommutativity parameter. Ref. [19] discussed 
noncommutative spin Hall effect (SHE) through a semi- 



classical constrained Hamiltonian, and obtained interest- 
ing results. One can use the data on the the spin Hall 
measurements [20] to impose some bounds on the value 
of the noncommutativity parameter 1/V9, and we find 
that the limit on l/\6 is weaker by thirteen orders of 
magnitude than the one imposed by the quantum Hall 
effect [16]. However we propose a stronger limit on 1/Vp 
by measuring the spin Hall conductivity in different di- 
rections. The SHE is predicted by M.I. Dyakonov and V. 
I. Perel in 1971 [21]. This effect, which occur as a result of 
the spin-orbit coupling between electrons and impurities, 
is called extrinsic. Conversely, there are intrinsic forms 
of the SHE, which is caused by spin-orbit coupling in the 
band structure of the semiconductor and survives in the 
limit of zero disorder, which have become an active field 
of research in recent years [22]- [28]. 

In this paper we focus on the intrinsic SHE on a NCS. 
To begin, we must define what we mean by "noncommu- 
tative space". NCS is a deformation of ordinary space 
in which the space coordinate operators Xi satisfy the 
following relation, 



\Xi , Xj J 



>Pj\ 



'ij • 



ihS. 



ij ■■ 



\pi,pj]=0, i, j = 1,2, • • • ,n 



(1) 



(2) 



(3) 



9ij is totally antisymmetric real tensor which represent 
the noncommutativity of the space. In addition, the 
product between the external fields on a NCS is, 



f(x)g(x) = f{x) * g{x) = exp 
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f(x)g(y)\s=yi 
(4) 

where fix) and g(x) are two arbitrary infinitely diffcrcn- 
tiable functions on a commutative R 3+1 space, and f{x) 
and g(x) are the corresponding functions on a NCS. In 
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NCQM one replaces the position operator with the 
^-deformed 



i,j = 1,2 •••,n 



and then applies the usual rules of QM. We use the follow- 
ing notation for the commutator of two arbitrary physical 
observable operators A and B in NCQM, 



[A, B] = AB — BA = [A, B]* = A* B — B * A. (5) 



equation (7) is reached by a Foldy-Wouthuyscn uni- 
tary transformation, which block diagonalizcs the Dirac 
Hamiltonian by separating the positive and negative en- 
ergy part of its spectrum. By a unitary transformation 
[30] the transformed Foldy- Wouthuysen Hamiltonian is 
given by, 



Hpw = fi \ tnc 
where, 



O 2 \ 
2mc 2 J 



1 



[0,P,e]], (8) 



Note that on a NCS A x A ^ 0, this can be seen clearly 
via, 

1x1= 1x^1= A i *A j e ijk e k ^ A^A^^ ^ 0. (6) 

where the A A indicates cross product on a 

NCS. Note that one of the most interesting things in non- 
commutative quantum field theory is that even the U(l) 
gauge group has non-Abelian like characteristics such as 
self-interactions. 

This paper is organized as follows: in the next section 
we will provide the Foldy-Wouthuyscn Hamiltonian of a 
non-relativistic spin-1/2 particle moving on a NCS under 
the influence of some external electromagnetic fields. In 
section 3, we will calculate the spin-dependent electric 
current and the spin Hall conductivity. The conclusion 
is given in the final section. 



O = ca- (p A), e = eVOr). 

c 

On a NCS the Foldy- Wouthuysen Hamiltonian is, 



Hfw = P \ m c 



6 2 \ 

2mc 2 J 



1 



8m 2 c 4 



(9) 



[6,[d,i]}. (io) 



We now calculate the various terms of Hfw explicitly. 
For the second term we have, 

O 2 = 0*0 = c 2 {p--A)*(p~-A) 
c c 

-echt • B + ie 2 Y> ■ (1 x* A) , (11) 

here we have used the following relations for two arbitrary 
vectors A and B, 



(a ■ A)(a -B)=A-B + iE-(AxB) 



and, 



II. SPIN-ORBITAL INTERACTION 

In this section we will present the general form of 
Foldy- Wouthuysen Hamiltonian Hpw of an electron in 
the presence of external fields on a NCS. As we know 
in the Dirac representation the wave function of a free 
spin-half particle is generally determined by four compo- 
nent spinors. And the Dirac equation has positive and 
negative total energy solutions. In the non-relativistic 
limit, we are usually only interested in the positive en- 
ergy part of the spectrum that describes electrons (rather 
than positrons). The Foldy- Wouthuysen transformation 
has been proposed in Ref. [29] . Its main goals are transfor- 
mation of Dirac Hamiltonians to the block-diagonal form, 
(it separates distinct components of relativistic spinor 
wave function and energy spectrum), and establishment 
of connection between the relativistic QM and the QM 
as well as the classical physics. 

Let us start with the Dirac Hamiltonian for a particle 
with charge e interacting with an external electromag- 
netic field, 



H = ca ■ (p A) + (3mc 

c 



eV(r), 



(7) 



where /3 = 70 and a, = 7o7i are the Dirac matrices; 
p = —i%S7 is the canonical momentum operators; A is the 
vector potential. The non-relativistic limit of the Dirac 



curl(fA) = f curl A + grad f x A . 

as well as cquation(6). Next wc look at the commutator 
[0,e], 

[6,6] = [0,e]* 

= -iceha- W(f) - e 2 a ■ [A,V\*. 

Furthermore, we can calculate the commutator, 

[6,[6,e]} = [0,[0,e] m ], 

= ec 2 UV ■ E + iec 2 h 2 t ■ (V X E) 
+2ec 2 fit ■ {Exp) 

-2ie 2 ct ■ ([A,V] t x p). (12) 

In the calculations above we have neglected the higher 
order terms in such as [A, [A, F]*]* and V • [A, V]*. 
Adding the various terms we have, 



H 



FW 



P[ mc 2 H (v- eA/c) * (p - eA/c) 

2m 



-eV(r) - —— E • B 
K ' 2mc 

7 E-(Exp)- 



ieh 2 
8m 2 c ; 



£• (V x E) 



eh 



eh 



:V • E 



Am 2 c 2 

1 T t-{Sxp)-p-t-S, (13) 



4to 2 c 



2mc 
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where E = ~§-[A, V]» and B = -§-A X* A. The FW 
Hamiltonian (13) describes the dynamics of an electron, 
but the model will also equally apply to a positron ( 
which corresponds to a hole in solid). Now we discuss the 
individual terms of (13). The terms in the first paren- 
thesis result from the expansion of [(p — e/cA) 2 + to] 1 / 2 
and describe the relativistic mass increases, and we will 
neglect the corresponding noncommutative corrections in 
the next section. The second term describes the electro- 
static energy. The third term is a magnetic dipole en- 
ergy which induces Zccman effect. The next two terms 
contain the spin-orbital interaction (Rashba spin-orbital 
coupling for the constant electric field which is along the 
z direction E ~ k (unite vector)). This can be seen 
clearly under the assumption of a spherically symmetric 
potential with V x E — 0, then we have, 



19V- 
r or 



(14) 



The last two terms are the noncommutative correc- 
tions of the electron moving on a NCS. For the term 

£ ■ (E x p), explicitly, it is an effective spin-orbital in- 
teraction and the corresponding effective electric field is 

E = -ie/(cK)[A, V(r)]*. The term S • B is an effective 
Zccman interaction, and the effective magnetic field is, 



B = -—Ax, 
en 



A 



ze 

-—r(X2*xi ■ 
eh 



Xl*X2 )z 



(15) 



Note that the important physical quantity for the dy- 
namics of the charged particles is the vector potential A, 
and one can understand this via Aharonov-Bohm effect. 
Thus in our discussion we will impose a particular situa- 
tion where B = V x A and the Coulomb gauge V • A = 0, 
where A = (22, x±, 0). 



III. SPIN HALL EFFECT 



on a NCS. Hcisenberg algebra for canonically conjugated 
variables p and r on a NCS is 



in 



4m 2 c 2 



a x VV(r) 



4to 2 c 3 



a x [A, V}* , 



117) 



— = -eVVVr) 

in 

eh 



4m 2 c 2 

,2 



4to 2 c 3 
From (17) we have, 

% i, e. 

p = mr 



4toc 2 



a x VV(r) J • p 
5 x [A,V]A -p 

a x VV(r) 



(18) 



+ 



4to 2 c 3 



ox [A,V\*, 



p = mr 



+ 



eh 
Amc 2 



r ■ V )[(T x W(f) 



4to 2 c 3 



r- V ctx [A,V], 



(19) 



(20) 



The second term in (19) is the cross product of the elec- 
tron magnetic moment and the effective electric field on 
a NCS. Substitution of (19) and (20) into (18) yields the 
following form of the Newton's second law for charge car- 
riers on a NCS 



mf=F(a) =F{5)+F e {3), 



(21) 



where the spin-dependent force F(a) on a NCS is given 
by, 



eh ■ 
4mcr 



Vx ox W(r) 



-eVV(r), (22) 



In this section we will calculate the spin-depended elec- 
tric current. This is performed by incorporating spin and 
spin-orbital interaction into the dynamics of charge car- 
riers as in Ref. [25]. This allows one to obtain universal 
expression for the spin Hall conductivity on a NCS. We 
must notice that for a macroscopic system the total elec- 
tric potential V(r) is the sum of external electric poten- 
tial Vo(f) and the lattice electric potential Vi(r). Collect- 
ing the dynamical terms and spin-orbital coupling terms 
in the Hamiltonian (13) we have, 



ir 



n = 4— 



2to 4m 2 c 2 
-eV(f) 



W(r)-—[A,V], 



x p 



eh 



2m Am 2 c 2 



£xp) +eV(r), 



(16) 



where £ = — VV(r) + V]*. By now we have de- 

rived the general formalism for spin-orbital interaction 



F e (o) 



Amc 3 



V x [ox L4,V]* 



(23) 



Here we neglected the terms proportional to 1/c 4 . Note 
that the force in (21) is equivalent to the Lorentz force, 



F(o) = - ( f X B(o) ) - eW(r ) 



(24) 



which acts on a particle of charge Q = e in the electric 
field E = — VV(f) and magnetic field, 



S(?) = Vx A(o) = V x [1(a) + Ag(a)} 



where 



A(a) = a x W(r) , 

4toc 



Ag(a) 



Amc 2 



ox [A,V], . 



(25) 

(26) 
(27) 
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The Hamiltonian (16) can be written as, 



H 



2m 



P 



■A(d) 



(28) 



To solve the equation (21), the velocity relaxation time 
r must be given experimentally. We assume that to 
the first approximation the velocity relaxation time t 
of charge carriers is independent of a. Because of rel- 
ative smallness of the spin-dependent force, we can treat 

F{a) in (21) as a perturbation. The solution of (21) can 

be written in the form r = f + fg, where r is the 9- 
independent solution that is given in Ref.[25], and fg is 
a small ^-dependent part of the velocity which also can 
be obtained pcrturbatively. In the presence of a constant 
external electric field E = — vVo(f), from (21), (22) and 
(23) we obtain, 



(f) 



{re 



-E ■ 



fteV 



Ex (V x [ax W(r)]) , (29) 



ie 3 T 2 
4m 3 c 3 



E x (V x (a x [A, V]*)) . 



(30) 



Using our simple choice for vector potential A 
(x2,x\,Q), we can obtain, 

[A,V]* = 2i9 V W(r), 



(31) 



where V is a tensor with the following components rjn = 
4, 7722 = — 4, T/12 = 7721 = 0. The right-hand side of 
(29) and (30) contains the volume average of electrostatic 
crystal potential didjVi(f). The SHE in a cubic lattice 
on a commutative space has been studied in Ref. [25]. 
In the following we will study the noncommutativc SHE 
in a cubic lattice. On a commutative space, for a cubic 
lattice, the only invariant permitted by symmetry is, 



' dridn 1 



(32) 



where x is a constant which have been determined in 
Ref. [25]. However, on a NCS, the spacial symmetry is 
twisted by the noncommutativity of space coordinates 
through the commutator between vector potential and 
electric potential. This correction is represented by for- 
malism (31) up to first order of 8. Here, we are only 
interested in the first order correction. With the help of 
(31) and (32) we obtain, 



• . e 3 T 2 Y0 ,=> _ 



(33) 



The density matrix of the charge carriers in the spin space 
can be written as, 



1 



p(l+X- a), 



(34) 



where p is the total concentration of charges carrying the 
electric current; A is the vector of spin polarization of 
the electron fluid. The ^-independent and ^-dependent 
currents are, 



J = e(p s r)=j°+j s (a), 

j° = a H E, f(a)=a s H (XxE), 



(35) 



= e{p s f e ) = a s He (V X x E), (36) 
where the corresponding Hall conductivities are given by, 



e 2 rp 



he 3 T 2 px 
2m 3 c 2 ' 



4 2 

e r z x<? 



(37) 



(38) 



(39) 



where ? = p6, and p ~ 10 cm . Thus we see that 
the noncommutativity parameter 9 makes an important 
contribution to the spin Hall conductivity. Explicitly, its 

contribution to the spin current j = j s + jg and spin 
Hall conductivity cr s H = cr s H + a s H is order of e9/{ch). 

Furthermore, if the external electric field E is along the 
z-axis, the components of the spin current can be written 



(40) 



(41) 



where E is the absolute value of E. Note that on a NCS, 
the system has distinct transport behavior in different di- 
rections, namely, the absolute spin Hall conductivity has 
different values in different directions, and the separation 
is 2a s He . If we can measure it with sufficient precision, 
then we would have a clear evidence for the space non- 
commutativity. If 9 = 0, our result agrees with that 
of Ref. [25]. Note also that since the noncommutativ- 
ity of space breaks rotational symmetry, the non-trivial 
noncommutativc correction terms of the spin Hall con- 
ductivity have a preferred direction. 



IV. CONCLUSION 

The origin of SHE is the spin-orbit interaction. By 
using the Foldy-Wouthuysen transformation, which give 
a general Hamiltonian of a non-relativistic moving Dirac 
particle, we derived the general form of the effective spin- 
orbital coupling on a NCS, in which the upper and lower 



5 



two components of the electrons wave function are sep- 
arated completely. Thus our formalisms are applicable 
both for electrons and positrons. In our investigation of 
the spin Hall effect, we consider a particular situation, 
namely, the electron is influenced by the vector poten- 
tial A but the magnetic field B is absent. With this 
choice the first order correction of (31) is obtained in a 
natural way. After solving the "Newton equation" per- 
turbatively in the framework of NCQM, we derived the 
spin-depended electric current whose expectation value 
gives the spin Hall effect and spin Hall conductivity on 
a NCS. We find that on a NCS the commutator between 
vector potential A and electric potential of lattice V\ if) 
induces a new term which can be treated as an effective 
electric field, and the spin Hall conductivity is corrected 
accordingly. In the presence of the NCS the spin Hall 
conductivity takes different values in different direction, 
and depends explicitly on the noncommutativity param- 
eter. In addition the noncommutativc correction ratio 



is. 



By using experimental data [20] of spin Hall conductiv- 
ity we can impose a lower limit of 1/V0 > 10~ 12 GeV on 
the noncommutativity parameter by setting the noncom- 
mutative correction ratio R to be of order one. Although 
this limit on 1 / \[B is weak, we may also impose a stronger 
limit on the magnitude of the noncommutativity parame- 
ter, by measuring the difference of spin Hall conductivity 
at different direction. However, there is no such exper- 
imental data available yet. We also have defined a new 
parameter c = p9 which may be measurable experimen- 
tally as well. The results in this paper suggest that high 
precision measurements in quantum mechanical systems 
may be able to reveal the noncommutativity of space. 



R = a s H Ja s H = 2e6/{ch). 



(42) 
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